ON FLAT TRIGONOMETRIC SUMS AND ERGODIC FLOW WITH 
SIMPLE LEBESGUE SPECTRUM 
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Abstract. A complex polynomial P(z) — co + ciz + . . . + c n z n is called unimodular if \cj\ = 1, 
j — 0, ...,n. Littlewood asked the question (1966) on how close a unimodular polynomial come 
to satisfying |P(z)| ~ \jn + 1 if n > 1 ? In this paper we show that for a given < a < b and e > 
there exist trigonometric sums V(t) = n~ 1//2 Yl^Zo ex P(27ri tuj(j)) with a real frequency function 
which are s-flat on segment [a, b] acording to the norm in L 1 ([o, b]) (as well as in L 2 ([a, b])). We apply 
this method to construct a dynamical system having simple spectrum and Lebesgue spectral type in 
the class of rank-one flows. 

The work is supported by grant No. NSh-3038.2008.1. 



1. Introduction 

In this paper we study the spectral properties of a class of ergodic dynamical systems satisfying 
certain approximation properties and called system of finite rank. In brief we say that a measure 
preserving transformation T on a Lebesgue probability space has rank one if there exists a sequence 
of Rokhlin towers TB U . . . U T hn B approximating any measurable set. Rank one dynamical systems 
are known to have simple spectrum. We show that there exist rank one flows of measure preserving 
transformations having Lebesgue spectral type which gives positive answer to Banach question on 
simple Lebesgue spectrum for ergodic R-actions. The method we use is actually based on purely 
analytic problem on existence of flat polynomials and trigonometric sums which goes back to classical 
Littlewood question about how close a unimodular polynomial 

P(z) = C + C\Z + . . . + c n z n , \cj\ = 1, 

come to satisfying |-P(z)| ~ \/n + 1 if n > 1 ? In particular case of restriction c,- = ±1 the question 
still remains open. Bourgain [18J discovered that the spectral type of a rank one transformation is 
given by generalized Riesz product, and as an ingredient it contains polynomials with coefficients 
and 1 which are similar and connected to polynomials with Littlewood type coefficient constraints. 
The purpose of our investigation is to construct e-flat trigonometric sums in order to find a class of 
rank one flows having simple Lebesgue spectrum. 

1.1. Spectral invariants of dynamical systems. Given T: X — > X a measure preserving in- 
vertible transformation on a standard Lebesgue space (X,X,fi) we consider a unitary operator T 
on L 2 (X,X,fi) called Coopman operator acting as shift along the trajectory Tf(x) = f(Tx). Since 
constants are invariant under T the operator T is usually restricted to the space Lq(X) of functions 
with zero mean, J f d[i = 0. For each / G Lq(X) consider the spectral measure o~f on the unit circle 
S 1 = {z E C: \z\ = 1} defined by 



(1) I z k da f 

Js 1 



T k f,f 



According to spectral theorem T is uniquely determined up to spectral equivalence by two invariants, 
the spectral type a on the unit circle S 1 and the multiplicity function fh(z). For any / measure o~f 
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is absolutely continuous with respect to the spectral type measure a, we denote it as cry <C o~, and a 
is the minimal meaasure having this property up to the following measure equivalence: Ai ~ A2 iff 
Ai <C A 2 and A2 <C Ai (see [5]). 

We say that T has simple spectrum if T possesses a cyclic vector, an element h G Lq(X) such that 
Z(h) = L 2 (X), where Z(h) = Span{T fe /i: k £ Z}. The equivalent way to define simple spectrum 
property is to require fh(z) = 1 for the multiplicity function. Well known examples of simple spectrum 
maps are ergodic dynamical system with purely discrete spectrum studied by von Neuman (see [5]). 
In this case the spectral measure is supported on a discrete subgroup A of S . 

A variety of constructions of dynamical systems with finite spectral multiplicity and different 
dynamic effects comes from approximation theory inspired by Rokhlin ideas on tower approximation 
and developed by Katok, Oseledec and Stepin (see [39l HI])- It was discovered that spectral 
multiplicity of r-interval exchange maps is bounded by r — 1, and further Robinson [42] proved 
that there exist interval exchange maps realizing maximal multiplicity of r — 1. Ageev in a series 
of works (e.g. see [Ml [IT]) provided a set of constructions to get different multiplicity essential 
value set. Though the question on existence of an ergodic transformation having homogeneous 
spectral multiplicity m > 1 known as Rokhlin problem was open by 1999 when Ryzhikov and Ageev 
constructed first examples of ergodic maps with homogeneous spectral multiplicity two (see p]). 

1.2. Rank one transformations and flows. 

Definition 1.1. Let T be a measure preserving invertible transformation on a Lebesgue space 
(X,X,fx). Given a set B £ X and integer h assume that B, TB, T 2 B, . . . T h ~ l B are disjoint. The 
set Th,B = U^=o T k B is called Rokhlin tower of height h, and B is called the base of the tower. We 
can draw a tower as a sequence of levels T k B such that T lifts k-th level T k B to the next level T k+1 B 
(except the top level). We refer to the following partition as level partition of the tower 

(2) ih, B = {B, TB,..., T h ~ 1 B, X n T h , B }. 

The well-known Rokhlin-Halmos' lemma (see [5]) states that given aperiodic transformation T for 
any height h and arbitrary e > there exists a Rokhlin tower Th,B satisfying [i(J~h,B) > 1 — s. 

Definition 1.2. A measure preserving invertible map T is called rank one transformation if 
(J>(Th n B n ) ~^ 1 an d there exists a sequence of Rokhlin towers Th n: s n approximating cr-algebra in 
the following sense. For any measurable set A we can find ^ n ^-measurable sets A n such that 
(i{A n A A) — > as n — > 00. 

Rank one transformations was introduced by Chacon [21], Ornstein [38J and Fridman [26]. Some 
classical ergodic maps, for example discrete spectrum maps appear to be rank one (see survey [25] ). A 
series of dynamical system with finite rank are found in the class of adic and substitution systems [12] . 
In paper [38] Ornstein constructed a randomized family of rank one maps known to be almost surely 
mixing which means that [i(T 3 A n B) — > fi{A) /i(-B) as j — > 00 for all measurable sets A and B. For 
the class of Ornstein transformations Bourgain proved that almost surely they have purely singular 
spectrum [18J. Today all known examples of rank one maps and flows have specatral type which is 
combination a = cr^ + a s of discrete as, and singular a s measures (see [22j [301 GTJ)- 

The question on existence of a map (or a flow) having simple spectrum (in orthocomplement to 
constants) and Lebesgue spectral type is known as Banach problem on simple Lebesgue spectrum (see 
[6j|8]). Mathew and Nadkarni [36J answering a question by Helson and Parry [27] has constructed a 
transformation having a Lebesgue component in spectrum of multiplicity 2 with a discrete component. 
Guenais [35] has found a criterion for existence of Lebesgue component in spectrum of generalized 
Morse dynamical systems. 

In this paper we focus on spectral type of rank one flows (see [43j [4Tj ) . 
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Definition 1.3. We say that a set 7~h,B = Utg[o h] is a Rokhlin tower for a flow T* on a standard 
Lebesgue space (X,X,fi) if the sets T l B are disjoint and for any Borel set J the union |J tg jT'i? 
is measurable. Let us define measurable partitions ^ b of the phase space X into levels T l B of the 
tower and the set complementary to the tower. 

Definition 1.4. A flow T* is called rank one flow if there exist a sequence of Rokhlin towers Th n ,B„ 
such that n{Th n ,B n ) — > 1 and for any measurable A we can find ^ nj s n -measurable sets A n such that 
(i{A n A A) — > as n — > oo. 

We will assume that additionally partition £h n+ i,B n+1 refines partition Ch n ,B n - In this case we can 
define the rank one flow by the following construction. 

Definition 1.5. Cutting- and- stacking construction: Consider a sequence g n GN and spacer param- 
eters s n ^ > 0. At n-th step we cut the Rokhlin tower Th n ,B n into q n equal subtowers called columns, 
add spacer s ni k to k-th columns and stack it together ordered from the first to the q n -th. Repeat- 
ing this procedure infinitely many times we construct a Lebesgue probability space if the folowing 
condition holds: 

n=l 

where h n is the height of the n-th tower. A point a 6 X moves up with unit velocity along any tower 
under action of the flow T* and it makes jump reaching the roof of the tower. 

Equivalently cutting-and-stacking construction can be represented as follows. 

Definition 1.6. Consider segments X n = [0, h n ] and define a space X to be the inverse limit of X n 
up to projections 4> n : X n+ i — > X n , 

(4) 4>n(a n ,k + t) = t, 0<t<h n , 
where a n ^ = Xlj<fc(^n + s ",i)i ana ^ ^niu) = otherwise. Namely, 

(5) Xl tx 2 t... 4 T 1 X n t...X. 

If ([3]) holds we can normalize Lebesgue measure on X n so that 4> n become measure preserving and 
X becomes Lebesgue probability space. A point x 6 X is now a sequence 

(6) x = (xi,x 2 , . . .) such that (f> n (x n+ i) = x n . 

To define T* for a point x we can write (T t x) n = x n + 1 if the point x n + 1 do not go out the right 
boundary of the segment [0, h n ], elsewise we have to watch the point at some upper level n' > n. It 
can be easily seen that almost surely x n is t-far from the right boundary of [0, h n ] starting from some 
index no, and the definition of the flow is correct. 

1.3. Unimodular polynomyals and trigonometric sums. Complex polynomial 

(7) P(z) = c + ciz + . . . + c n z n , Cj G C, zeC, \z\ = l, 

is called unimodular if all the coefficients \cj\ = 1, j = 0, 1, . . . , n. Let IC n be the class containing 
unimodular polynomials of degree n, and let C n be the class of polynomyals with coefficients ±1, 



(8) C n 



Q(z) = Y,Cjz3, cj G {-1,+1} 

j=0 
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Consider a function \P(z)\ on a unit circle S 1 = {\z\ = 1}. J. Littlewood ([33], cf. [Ml US IE]) 
has formulated a question on how close a unimodular polynomial come to satisfying |-P(.z)| ~ \Jn + 1 
when P range over the class ZC n or the class £ n ? We say that a polynomial -P(z) is e n -flat if 

1 



(9) 



\P(z)\-l 



<£r 



Vn + T 

according to some norm. T. Korner |32l [20] has discovered a unimodular P(z) with the property 
A < (n + l)- l / 2 \P{z)\ < B for some absolute constants < A < 1 < B. J.Kahane [28J has con- 
structed a pollynomial satisfying the following estimate at any point z £ S 1 

(10) \{n + l)- 1 ' 2 \P{z)\-l\<e n , e n = 0(n x l xl log n). 
It is also an open question if there eexist a flat polynomial in the class 

(11) M n = [P(z) = q- x l 2 (z a « + z a * + ■ ■ ■ + z a «~i), a k G Z, a k < a k+1 } 
where n > 2. 

1.4. Flat trigonometric sums. We will study trigonometric sums 

1 9-1 

(12) V(t) = — ^exp(2vrito;(y)), w(y) € R, i £ K, 

V%=o 

where w(y) is refered to as frequency function. The main target of our inversigating is the following 
special class of functions to(y). 

Definition 1.7. We call exponential staircase frequency function the function uj: Z — > R given by 
the following expression: 

(13) = + ^e eJ/ , 

Observe that u{y) is just a solution of the differential equation 

(14) J' = eJ 
if we consider it for a while function on R. 

Theorem 1.1. For given 0<a<6 ; e>0 and (5 > i/iere exists tuq such that for any m > mo t/iere 
exists an infinite sequence qj generating trigonometric sums with exponential staircase frequency 
function 

(15) wfe,m) = m|e^ 
which are 5-flat in L l ([a,b}). 

1.5. Exponential staircase flows. Main result. In this paper we study spectral type of a class 
of rank one flows given the following definition. 

Definition 1.8. We say that a rank one flow is given by exponential staircase construction if the 
roof function over the n-th tower is given by the graph of the discrete derivative ui n (y + 1) — uj n (y) 
of an exponential function u n (y), in other words if there exist e n and m n such that 

(16) h n + s n , y = uj n (y + l)-u; n (y), u n {y) = m n %(e £ "^" - 1), h n = —. 

Remark that —1 in the parenthesis is used to provide standard position of the segment [0, h n ] in R, 
namely, w n (0) = 0, and if e n — > as n — > oo then 

(17) s n , y ~ J n {y) -h n = m n — e ^y/^ - h n = m n — (e £ ^l^ - 1). 
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Figure 1. Staircase and exponential staircase constructions: Light blue rectangle is 
the n-th tower, red line is a roof by staircase construction, blue line is an exponential 
staircase roof. 



It would be also interesting to observe that the spacer function s n)V ranges over [0, m n (l + 0(e n )\. 

Remark 1. Terminology we use is explained by the note that spacer function s n f. approximates 
the spacer function s n ^ y = ay which leads to staircase construction of a rank one flow, generalizing 
the concept of rank one staircase transformation introduced by Adams and Smorodinsky (see |15j ) 
providing the first explicit example of mixing rank one transformation (see also |45j ) . 

The main purpose of the paper is to study the spectral properties of exponential staircase con- 
structions. It appears that in many cases the spectral type of such flows can be calculated in a 
certain sense, and we can find large variety of flows with Lebesgue spectral type having cardinality 
of continuum. 

Theorem 1.2. Let us consider the exponential staircase construction of rank one flow T l given by 
the sequence of functions 



(18) uj n (y) = j 

Suppose that for an a with < a < 1/4 



(19) 



h 



l+a 



< Qn, 



in 



h n = . 



oo 

E 



1/4-a 
n=l m n 



and q n has the following property: 



VkGZn 



m 



l-a 



m 



l+a 



(q n + 1) — kink 



< OO, 



< e r . 



\x\\z = min{|^ — x\\ : £ £ Z}. 



(20) 

where 
(21) 

Then the flow T* has Lebesgue spectral type. 

Sketch of the proof. Consider a function / which is measurable up to partition 6i„ ,-B„ i n t° levels 
of the no-th tower in the cutting-and-stacking construction of rank one flow. We may consider / as a 
function on K defining f(t) to be the constant value / keeps on the level T l B. Using observation due 
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to Bourgain on approximation of the spectral measure cry we can say that it is given by a generalized 
Riesz product converging in weak sense, 

(22) ^/=i/i 2 - n i^(*)i 2 ' 

n>no 

where 

<3n-l 

(23) V n (t ) = — exp 2vri tu> n (y) , 

and uj n (y) is connected with the sequence of spacers as follows: h n + s n)V = oo n (y + 1) — u n (y). 
In brief it easily follows from the observation that the lift of the function / to the space 
X n = [0, h n ] and the lift f( n +i) to larger space X n +i are connected in the following simple way 

?n-i 

(24) f(n+l){x) = f(n)( X ~ Wn(y)), 

thus, 

(25) f {n+1) (t) = f (n) (t) ■ — Y e 2mt ^\ 



V ^ y= 

The idea is to find a sequence of trigonometric sums Vit) which are 5 n -flat on expanding intervals 
(a n ,b n ), a n —s-0, b n — > oo, with 5 n — > sufficiently fast, so that we can control convergence of the 
Riesz product to a regular density, and by ergodicity we see that <jf is absolutely continuous with 
respect to Lebesgue measure, and choosing appropriate / we can assume that the density of 07 is 
not vanishing for any given inter cal in R. 

2. Stationary phase method 

2.1. Preliminary lemmas. Van der Corput's method. Consider a smooth real-valued frequency 
function f{x) on the real line R and look at the integral 

(26) f 1 e itf{x) dx 

An extremal point of the function / defined by equation /' = is called a stationary phase of /. 
For example, a frequency function f(x) = (a + cx 2 ) has one stationary phase point xq = — a /(2c). 
Let us mention two well-known lemmas on oscillatory interals with quadratic /. 

Lemma 2.1. Oscillatory integral with quadratic frequency function and zero stationary phase can be 
estimated as follows 

(27) ^ e .^ (fc = v /|exp(f) + o(i), ^00. 
Lemma 2.2. For real a, c / and b > 

(OQ) f b Jt(a+cx 2 ) j _ a l _ i(a+cb 2 )t ,q( \ 

[M) J e dX - A °2(\c\t)V* 2bct 6 +U \b%ct)i 

as t — > 00, where Aq is defined as 

f°° 1 
(29) A)= / u- 1 / 2 e iusgn ^du = e^ nissn( - c ^. 

Jo 
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Now let us consider a sum over an interval in the integer line 

(30) S= e 2nif{y \ yeZ, 

a<y<b 

where / G C 2 ([a,b]). The following procedure is called van der Corput 's method. The sum S can be 
approximated by a special sum over stationary phase set [2| I10|. [34] . namely, let /' be non-decreasing 
on [a, b], a = f'(a), (3 = /'(&), then 

(31) S= £ \f"(yk)\- 1/2 e 2m ^- ky * +1/8) +£, 

a<k</3 

where y k are solutions of the equation f'(yk) = k, and £ is error term. 

Lemma 2.3. Suppose X 2 < f"(y) < const • A2, \f^ 3 \y)\ < A3, A2, A3 > 0, and £ is defined in (|3Tj) 
then (van der Corput, see [34] and [10] Theorem 4-9) 

(32) £ = 0(A 2 1/2 ) + 0(ln(2 + (b - a)A 2 )) + 0((b - a)\\ /5 \\ /5 ). 

In order to get more accurate estimate for oscillatory sums, notice that if the values a /3 of /' at 
the points a b are located not too much close to integers, then the above estimate is more precise 
in first term. This estimate was established by Min in case of algebraic function /. We will use the 
following more general result due to Liu (|34j. Theorem 1). 

Lemma 2.4. Let f(y) G C 5 ([a, b]) be a real function, f"(y) > 0, and R, U C k , k = 1,...,6, be 
positive constants such that 

(33) dR- 1 < \f"(y)\ < C 2 R-\ \p k (y)\ < C k U 2 - k , U>1, 3 < k < 5, 

(34) Pk(y) = f (k) (y)/f"(y)- 

Suppose |3/?4(y) — 5/3 2 (y)\ > CqU^ 2 for any y £ [a,b]; then 

(35) £ e 2 **/^) = Y, \f"(y k )\- 1/2 e 2ni{fiyk) - kyk+m +£, 

a<y<b a<k</3 

moreover, 

(36) £ = £1 + £ 2 + 0(ln(2 + (b - o)i2 -1 )) + 0((b - a + R)U~ X ) + 0(min{V#, max ( JL J }), 
w/iere 

(37) £1 = 6 tt |/ // ( 2/ct )r 1/2 e 27ri (/(^)-^-+i/s) ; 

(38) £ 2 = bplf'Xy^-^e 2 ™^-^ 1 ^, 

b a = 1/2 i/qGZ, otherwise b a = 0, and 63 is defined in the similar way; (a) = j3 — a if a 6 Z and 

(39) (a) = min |n — a|, (/3) = min |n — f3\ 

i/a (respectively, f3 Zj. 

3. Free quantum particle with Hamiltonian #(p) = £b + ^4e ep 

3.1. Outline of the method. Consider a free quantum particle moving along the real line according 

2 

to classical Hamiltonian H(p) = \ (where p is impulse variable). It generates an action Rt: M. — > M 
of multiplicative group R + = {t > 0} as follows. Solving equation 

(40) t ^-H(p) = k, 



8 A. A. PRIKHOD'KO 

we get p = k/t, and define R t : p h-» t~ 1 p. Actually R t controls the dynamics of the stationary phase 
set for the sum 

(41) V{t)= eitH(P) ' 6>0 - 

p e [0,p*] n sz 

Obviously acting on //"-periodic functions the map R2 is dual to the map T p * — > T p * : p — > 2p (mod p*) 
which is a kind of hyperbolic transformation, where T p * = M/p*Z. This is the point which complicates 
the behavior of the trigonometric sum V(t). 

The idea is to change the dynamics of the stationary phase set just by a small alteration of 
Hamiltonian adding terms for higher derivatives. This leads to exponential Hamiltonian 

(42) H(p) = E + ^ 
generating action Rt(p) = p — Int. Observe that (cf. [461) 

(43) H{p) = E + ^ + P - + ^- + e^ + ... 

e A e 2 6 

Using Van der Corput's method (see !2.ip . we get 

(44) 5(t)« / R t <t> ■ £t, 



where Rt<f>{jp) = 4>(Rt{p)) , 4>{p) is a test function supported on [a,b] and Ct is generalized Legendre 
transform given by a discrete distribution on R. Again using Van der Corput's method, we see that 
the sum S(t) is flat. 

3.2. Main construction. Consider trigonometric sum 

(45) S(t,e,q) = W™^), W (y) = o; + V" 7 *. 

where q € N, < e < 1, e~ l G N. Adding a constant to co(y) has no effect on ('P(i)l, and during this 
section we assume that ujq = 0. Our usual assumption on correlation of t and q will be 1 <C t <C g 1//3 . 
Let us list several simple properties of the function u(y): 

(a) oj( r \y) increases for any r; 

(b) cj'(y) > e" 1 ; 

(c) oj"(y) = ~(1 + 0(e)), where large "O" is considered relatively to e — > 0, where < y < q. 
Let /C(i) be the set of indexes fc such that yfc(i) appears in (0, q), 

(46) fC(t) = {keZ: y k (t)€(0,q)}. 
The set /C(i) is an integer segment, 

(47) IC(t) = [k (t),h(t)}, 

(48) K Q {t) = \, K 1 (t)= t -e £ , 

(49) k (t) = min{k > K (t)}, h(t) = max{k < Ki(t)}. 

Lemma 3.1. Let S(t,e,q) be the oscillatory sum defined in and assume that e -1 6 N, then 
S(t, e, q) can be approximated by a sum over the set of stationary phases {yk} 

p 2ni (— ky^) f(i\ 

(50) S(t,e,q)= Yl ^7^) + ^, l(y) = e~^, 

K (t)<k<K 1 (t) VI 



ON FLAT TRIGONOMETRIC SUMS AND SIMPLE LEBESGUE SPECTRUM 



9 



where £{t) is estimated as follows 
(51) 
(52) 



£(t) 









maxjt 1 ,lnt|\ „ / 1 . , , , > 

V - j +o U mmt v?' / ' (t)}1 ' 

1 1 



lellz lie llz 



and \\x\\z = min ng z |n— x|. For anyt the sum S(t,e,q) satisfies the evident condition \S(t,e,q)\ < yjq. 

Remark 2. Investigating the sum S(t, e, q) small and large O's are considered with respect to e — > 0, 
t — > oo and q — > oo. 

Remark 3. We will apply this lemma to find upper bounds for the error term with respect to different 
integral norms. So we can skip some countable set of points t in our considerations. 

Proof. Let f(y) = tuj{y) and note that oj'{y) = eq~ 1 uj(y) and f'(y) = eq~ l f{y). Applying the main 
Lemma 12.41 with a = 0, b = q, we have 



(53) S(t,e,q)= 

K {t)<k<Kx{t) 

e 2ni (f(y k )-ky k ) 



2™ (f(y k )-ky k ) 



+ g- 1,2 £ (*) 



K (t)<k<K 1 (t) 



Vt 



Vi\f"(yk)\ 



E 



K {t)<k<Ki(t) 



3 2vri (-ky k ) 



l(y k ) + q- l,2 £{t), 



since f(y k ) = e l qf'{y k ) =e 1 qk£ Z, 

(54) q\f"(y k )\ =q t -e £y/q = t 1 ' 2 (y k ), -y(y) = e~^, e^ = l + 0(e), 
and £{t) has the following form (notation from Lemma |2.4|) 

(55) £{t) = £ x {t) + £ 2 {t)+ 

+ 0(m(2 + (b - a)R- 1 )) + 0{(b - a + R)!/' 1 ) + 0{mm{VR, max ( -L ) }), 

where a = 0, b = q and values R and £/ are calculated below: 

(56) b-a = q, Kx(t) - K (t) = t + 0(te) ~ t, 

q 



t -<ny)<Ul + 0{e)), 



R 



f {2+]) (y) = £ -^f"(y), fr+ 3 = - v j = 1,2,3, 



u = - > 1, 

e 



(57) 

(58) 
(59) 

(60) |3/3 4 - 5/3| 
So, applying Lemma l!T4l we obtain 

(61) £{t) =8 l {t) + 8 2 {t) + 0(ln(2 + t)) + OKg + + £$(*) 



3 ? "5l- 



2^ = 2£T 



£i(t) + £ 2 (*) +0(max{t- 1 ,ln(t)}) +5 3 (t), 



10 



A. A. PRIKHOD'KO 



where 
(62) 



<?■->,( /) — 0(m.m{\/ j, max ' 



})■ 



The terms £i(t) and £2^) ar e supported on a countable set. To compute £z{t) look at the set 



(63) 



A(t) = {y k (t)}, Vk (t) = Un £ -^. 



The set A(t) is moving rigidly along the line when t changes . The term £■${€) = 0{^/q/t) is large 
whenever some point in A(i) is close to border of [0,q]. At the same time for a typical t we have 
£s(t) = O(l). Further, we have the following explicit representation for (a) and (/?): 



V 




Figure 2. Estimating £ 3 (t) 



(64) 

Similarly, 
(65) 



(a) = O(\\f(0)h) = O 



\x\ 



mm n — x . 



</3> = 



Thus, omitting the terms £\{t) and £2^) with countable supports we have 
£{t) 



(66) 



0|5 »^) +0 (^ { ^ (f)}1 . 



□ 



Lemma 3.2. Given e and q consider the sum S(t, e, q) for t G [ti, £2]? o^d suppose that all conditions 
of the previous lemma are satisfied as well as the following requirements 

(67) t\ > 1, t2 — t\> e, t2 < q, and e" 1 < q. 

Then 



(68) h- 1/2 £\ [tl 
(69) 

Proof. Since t > e 

(70) f 2 \£(t)\ 
Jti 

hence, 
(71) 



[*1,*2] 



= o 



(max{l, In t 2 } 



+ 

In (7 



1 



k- 1/2 f| [tl , t2 ]lli<(t2-ti)^| 



' / .' < — — • / mm{J^, ^} dr < (t 2 - h) Inq, 



ti 



ti 



£{t) 



^ (*2 - h)\nt 2 + (i 2 - h)\nq Inq 
dt ^ ^ (12 - h) — — . 
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□ 

Our purpose is to apply this series of lemmas around van der Corputs's method to prove that 
\S(t, s, q) | ~ 1 for most points t. Therefore let us formulate the following improved lemma. 

Lemma 3.3. In the scope of Lemma \3.2\ the expression for S(t,e,q) can be simplified as follows: 

(72) S(t,e,q) = X £ e ^(-^) + 0(£ ^ ) + £W 

V K {t)<k<K 1 {t) V Q 

where is estimated as shown in Lemmas \3.1\ and \3.^X 

Proof. The lemma follows from the statement of lemma 1331 and simple observation that the sum over 
k contains no more than Ki(t) — Ko(t) ~ t terms and the fact that 7(1/) is e-close to 1 for y £ [0,q], 
namely, j(y) = e~^ £y / q = 1 +0(e). □ 

At this point noitce that in the expression for S(t, s, q) we see a reduced (with smaller number 
of terms) oscillatory sum of the same form as S(t,e,q), and we can iterate the reduction procedure 
applying van der Corput's method to that sum. Denoting the new frequency function as r} £tq (k), 

(73) r]e,g(k) = -ky k , 

let us see how it looks like for the sequence of stationary phases yj~ generated by an exponential 
Hamiltonian uj(y): 

... , qk ek q(lnt — lne) , kink s 

(74) Ve,q{ k ) = ~ k Vk = — — m — = k-q — = x eA (t)k - q ■ \l e [k), 

where 

(75) Xe>q (t) = g(lnt ; lng) 

and 

(76) n £ (k) = -klnk. 

It appears that starting from the property of constant distance between adjacent stationary phases 
we can find a variety of functions uo{y) (having continuum cardinality) generating flat reduced sums. 
At the same time we will see that surprisingly there are infinite subsequence of flat sums in the 
sequence of frequence functions rj e>q {k) without any modification in the construction. To see that we 
observe that modulo one Y{q) = q ■ Q e (k) is a point in the torus Ylk ^ ruled by the dynamics of rigid 
shift by the vector Q £ (k). 

Lemma 3.4. Let k range over a finite set 1C. For any 5 > there exist infinitely many q = qj — t 00 
such that for each k < me^ 1 

(77) qj • Q £ (k) = -Q £ (k) + 0(5) (mod 1). 

Proof. The statement follows from Poincare recurrence theorem for torus shift on Ofce/c ^ by the 
vector n e (/c). □ 

Corollary 1. It is important that if t ranges over a bounded segment, i.e. t £ [£1,^2]; then k ranges 
over a finite set [Ka(ti), Kiit-^)] H Z. Thus, the statement of the previous lemma concerning the 
dynamics of Y(q) is true for a sequence qj simultaneously for all integer k that can appear in 
[Ko(i),Ki(i)] for allte[t 1 ,t 2 \. 
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Lemma 3.5. The oscillatory sum defined by £l £ (k) approximates the reduced sum given by the func- 
tion T] S)q (k). If 

(78) q ■ Q e (k) = -tl e (k) + 0(S) (modi) 

then 



(79) 



\ft ^ \R ^ 

Ko(t)<k<Ki(t) v K (t)<k<K 1 (t) 



0(5Vt). 



Proof. We know that rj Etq (k) = x £tq (t)k — q£l £ {k) and the lemma follows from the estimate of the 
total number of terms in the sum, K\(t) — Ko(t) ~ t. □ 

Now let us study the oscillatory sum defined by Q E (k) with additional linear term xk 
(80) §(t,x,e) = —= exp(2vri(x£; + £ (fc))). 

V K a {t)<k<Ki(t) 

Remark 4. The fundamental observation concerning Vt £ {k) consists of the following. When k passes 
the interval (K (t) , Ki(t)) , 

t t 

-, -< 

K e e 

the derivative f2 e (fc) = -(1 + In k) increases exactly by one: 



(81) fc€(#o(t),#i(t)) 



(82) 



n' £ (Kl(t)) - tf e (K (t)) = - £ In t - ~ In = 1, 



hence, we get (almost surely) exactly one stationary phase k* G (K (t), Ki(t)). Also let us point that 
the terms of the sum do not depend on t, just Kq and K\ do. 

Lemma 3.6. Let the following conditions be satisfied: 

(83) t > 1, < e < 1, e 4 eN, 

and let (k*,£) be a unique solution of equation x + Q' £ (k*) = t, i G Z, A;* G (ifo(t), ^i(i)) fi/ exists). 
Then 

(84) = e 2m ^( fc *) +xfc *- tt *)+^ 1 / 2 f, I ,(t,x), 

(85) t-^S^it, x) = O(e) + ^Ol min{\/t, — r — } J . 

Vt y ||iln| + x||z / 

Proof. Let us apply again Lemma 12.41 to xfc + Q e (k). Calculating 

(86) (xk + n £ (k))' k = 
notice that k ~ t/e and we can take 

(87) iT 1 = -r, and R = t. 
Further, let us define 

(88) ft(fc) = -p &(fc) = p 5 /3 5 (A;) = -p, 

(89) U= t -~k, |3/? 4 -5/3|| = -l = C/- 2 , 



(86) (xfc + n e (A;))' fc = s + -(l + lnA;), (xfc + Sl B (k))% = \, 

£ £k 
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Recall that Cl' e (Ki(t)) — £l' e (K (t)) = 1. So, we the following representation for the sum §>(t,x,e): 

(90) &(t,x,e) = 1 2*i(n e (k*)+xk*-ek*) +q -^ £ ^ tx ) 

y/t\n»(k*)\ 

where (k*,£) are found as a unique solution (if exists) of the equation x + 0,' £ (k*) = £ with £ 6 Z, 
k* € (Ko(t), K\(t)). Clearly the coefficient near exponent in the right-hand side is close to 1 in 
absolute value, 

i / i V 1/2 / i v l/2 

(91) vmm = v^) = ( ^-^(i + o( £ )) j = 1+0(e) - 

and using Lemma |2, 41 we can compute the following estimate for the error term £q 

(92) £ (t,x)=£ 1 + £ 2 + O{l)+£ 3 , £ 3 = 0(mm{Vi, v}), 
with 

(93) V = „ - . r it- = T7! r — . 

\\K Q {t) + x\\ z [|Ilni + x|| z 
Finally, we have the following expression for the common error term 



(94) 



t- l ' 2 £${t, x) = 0{e) + 4= O ( min{\/t, -j—^ — } ] 

Vt \ ||-ln- + x|| z J 



□ 



Now to join the reduction procedure from S(t, e, q) to <!>(£, x, e) and approximation given by Lemma 
I3.6l we have to calculate boundary effect term - In | + x Etq (t) as well as the argument of the exponent, 
namely, £l e (k*) + x E>q {t)k* — £k* (which is of independent interest but does not influence to flatness). 
So, 

(95) v £tq (t) = - In - + x E>q (t) = (q - l)-ln t 
Further, remark that 

(96) Q e (F) + a? eig (t)fc* - Ik* = k*{£- 

do not depend "directly" on a; e . 9 but via and £(t). The rate of grows of this doubly reduced 

frequency function can be estimated as follows 

(97) U E (k*) + x E , q {t)k* - £k* = 0(k*(t)£{t)) ~ ifc*(t)lnfc*(t) ~ 

Lemma 3.7. In i/ie scope of Lemmas \3.1\ and \3.6\ for an arbitrary 8 > i/iere exist a sequence 
q = qj — > oo suc/i i/iai /or t > 1 

(98) 5(t,e,g) = exp (2m k*(t)(£(t) - e" 1 )) + f (t) 
wi/i an error term (defined up to countable set of points t) 



(99) = 0(5V~t) + 0(eVt) + O ^ max ij_ lnt ^ + (± min^, ^(t)}) 



+ 



+ O ( min{-\/£, ' 



V '||(g-l)iln||| z J ;- 
Proof. The proof is just a compilation of Lemmas 13.11 and 13.61 □ 
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Lemma 3.8. Preserving conditions of Lemma \3. 7| suppose that t £ [t\, t 2 ] and t 2 — t\ > (q — 1) 1 et 2 . 
Then 

(100) \\\S(t,e, 5)1^^1-1^= O [(h - h)Vh max{o,e})+0 ((t 2 - h) ^j+O ((*2 - h) . 

Proof. We have to estimate the influence of the last term in the error given by the previous lemma, 

lnt 2 



(101) 



t2 1 r r 1 
— = mm\ yt, — — i r 



-}dt< (h-h) 



Lemma 3.9. If the parameters ti,t 2 ,e,q satisfy the following requirements 



□ 



(102) 

then for a sequence qj —> oo 



h>l, t 2 -h>e, t 2 <-<-^-, 5<e, 

e mo 



(103) 



\S(t,e,qj)\[ tljt2 ] 



< 



\S(t,e, qj )\ [tlM \ -l\\=0 ((t 2 -h) ^ 



Proof. To established the improved estimate of the error term we just have to observe that all the 
components of the estimate are dominated by the term O (^(t 2 — t±) t 1 lnt2^ • The first inequality 
of the lemma follows from the fact that £{t) = 0(1). 



□ 



Recall that the initial frequency function oj{y) satisfies differential equation oj" = auj' with solu- 
tion uj(y) = Eq + e a ( y ~ Vo ' for arbitrary Eo,yo. By this point we studied oj not taking into account 
correlation of additional multiplier m = e~ ayo near t and the length q of the segment [0, q]. 



Lemma 3.10. Let us consider the sum 
(104) 



9-1 



S m (r,e,q) = ^-Te 2m ™ (v) 



with 
(105) 



uj(y,m) = m^e £y l q . 



Suppose that t\ = mT\, t 2 = mr 2 as well as e and q meet the requirements of the previous lemma. 
Then for a sequence qj —> oo 



(106) 



\S(t,e,qj] 



1 



O[{r 2 -n)^0). 



Applying this lemma in the situation when n and t 2 are fixed and m is sufficiently large we come 
to the following theorem. 

Theorem 3.11. For given < a < b, e > and 5 > there exists tuq such that for any m > ttt-q 
there exists an infinite sequence qj generating trigonometric sums with exponential staircase frequency 
function 



(107) 

which are 5-flat in L 1 ([a,6]). 



uj(y,m) = m%e ey!qi 
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4. Convergence of Riesz products for exponential staircase flow 

4.1. Preliminary lemmas. Let R(t) be the correlation function of a measurable flow T*. Ob- 
serve that if the flow atcs on a Lebesgue space then it obeys the following continuity property. If 
f,g£L 2 (X) then 

(108) (T f ,g)^(f,g) as t -> 0. 



V 

Lemma 4.1. Suppose that R(t) is characteristic function of a spectral measure Of, i.e. 

(109) R(t) = u f {t)= [ e 27vitx da f (x). 

Let v n be a sequence of finite positive measures and let R n = v n . Then v n converges weakly to Of iff 
Rn(t) — > R(t) for any t. 

Proof. The statement follows from continuity of R(t) at point t = 0. □ 

Throughout this section let v n be a sequence of finite positive measures. Evidently if we have to 
prove weak convergence of v n it is sufficient to watch J K tp dv n for a dense set of functions ip in Co (R) , 
for example a dense set of smooth functions with bounded support. Let us denote Co (a, b) the set of 
continuous functions ip(t) on (a, b) such that ip(t) — > if t — > a or t — > b. 

Lemma 4.2. Let <£>(£) be a function such that it is locally L 1 and for any function ip G Co(a, b) with 
< a <b (or a <b <0) 

(110) J il>dv n -> J i/>(t)$(t)dt. 

Suppose that v n — > n weakly. Then ^ G L X (R and \\*ff\\i < ||r/||. 
Proof. Let us denote 

an) (r?, v)= y 

By definition of weak convergence (v n , ip) — > (n, ip), and, so 

(112) liminf | {v n , ip) \ < \ (n, ip) \ < \\n\\ 

n— >oo 

At the same time we know that (v n , ip) — > i/j), hence, 

(113) | ($, V) | < \\V 



and the statement follows from the equality ||3>||i = ||A$|| where A$ is the measure with density 

□ 

Lemma 4.3. Let n be a finite positive measure on the line. If j ip drj = j tp(t) &(t) dt for any 
■ip 6 Co(a, b) then n = r]({0})So + A$ where So is the unit atomar measure in and A$ is the measure 
with density $. 

Proof. It is possible to check coincidence on positive continuous functions ip with bounded support 
since its linear combinations are dense in Co(R). For any e > there exists a such that 

/ot 
<S>(t)dt < e 
-a 

and 

(115) V\[-a,a] = ??({0})<5o +V(a) with \\l] {a) \\ < E. 
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Let us split -0 in two parts, ip = ipo + tpi with the following properties: 

(116) suppV'o ^ [ — a, a], supp^i Q [—L,—a/2] U [a/2, L] 
and < ?po(t)i i/>i(t) < for any i. We have 

(117) (r,, Y>) = (r?, 0o> + (r?, fa) = r/({0})^(0) + <^ (a)) Vo> + - ^) + V>> • 
Using inequality |Y>(i)| ^ IIV'lloo, we can estimate small terms in the above formula: 

(118) \{r)(a), Y>o)| <e l^lloo, |<*, = |(*,^o)|<£- Woo- 

Since e is arbitrary we get (77, V) = ^({01)^(0) + ( ( I > , V')- ^ 

Lemma 4.4. Consider positive functions fit) and Q n (t) on the real line R satisfying the following 
conditions: 

(i) / G L 1 (M); 

(ii) Q n are continuous; 

rb n r—a„ 

(hi) / |Qn(t) — 1| < e n and / \Q n (t) — l\dt < e 2 n , where < a n < b n ; 

J a n J b n 

(iv) intervals (a n ,b n ) monotonously increase and exhaust (0, +00), exactly, a n+ \ < a n , b n < b n+ ±, 

lim n a n = and lim„ 6„ = +00; 

00 

( v ) < OO. 

71=1 

TTte infinite product of f and Q n converges in L 1 on any interval (a*,b*) or (—6*,— a*), where 
< a* < b*. 

Proof. Without lost of generality, passing from f(t) to f(t) = fQ\---Q ni {t) we can assume that 
(a*,b*) C (a±,bi). Let us consider sets 

(119) E n = {t G (a*, 6*): |Q n (i) - 1| > e n }. 

By Chebyshev inequality X(E n ) < e^/e n — £ n . Using Borel Cantelli lemma we can deduce from 
convergence ^ n \(E n ) < 00 that almost surely a point t G (a*, 6*) belongs to finitely many sets 
hence, the product f{t) \\ n Q n converges by Lebesgue dominanted convergence theorem. Indeed, if 
we restrict functions to the set 

(120) A N = (a*,b*) \ |J E n , \{A n ) -> b* - a* , 

n>N 

then by pointwise convergence 

m 

(121) [] Gn(*) II Gn(t), l^nW - 1| < £n if " > N, 

n=N+l n>N 

we get convergence in L 1 

m 

(122) Hm = fJ[Qn^ f\{Qn 

n=l n 

for the restrictions to interval (a*,b*). □ 

Lemma 4.5. Preserving conditions of the previous lemma let us assume that the partial products 
II m (t) are L 1 -densities of measures on R which converge weakly to a finite positive measure n, i.e. 
for any ip G C (R) 

(123) Jmn^dt^iT],^). 
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Then there is a function <3? 6 L 1 (R) such that rj = r]({0})8o + A$ and for Lebesgue almost every t G R 
we /wroe $(*) = /(<) n„Qn(t)- 

Proof. Consider an interval (a*,b*) with < a* < b*. By L 1 -convergence H- n \(a*,b*) converges weakly 
to the measure with density f(t)Y\ n Q n (t) restricted to (a*,b*). This implies that the weak limit n 
of n n acting on functions ip £ Co(a*,b*) coincide with $>(t) = f(t)Y\ n Q n (t). Using above lemmas 
we found that $ G L X (R) and n = 7]({0})S + A*. □ 

4.2. Spectral type of exponential staircase flows. Consider exponetial staircase construction 
of rank one flow which is characterized by the following parameters: numbers of subcolumns q n and 
staircase grade values m n . We define e n by the equality 

(124) k = r^, 

and require that r 1 £ Z. 

Lemma 4.6. The spectral measure cr/ of a function f measurable up to no-th level partition is given 
by the Riesz product 

(125) cj f = \f\ 2 - J] \V n (t)\ 2 , 

n>no 

where 

(126) V n {t) = ~^J2 e 27Titu) "( y) 

with exponential staircase frequency function 

(127) Wn (y) = m n %(e e »«/«»-l). 

Remark that in \V n (t)\ 2 we can omit —1 in the parenthesis, and recall that h n+ i > q n h n , hence, 
h n are uniquely determined by q n . Let us define Q n (t) = \P n (t)\ 2 . We know that if we restrict Q n {t) 
to (o n , b n ) then 

(128) \\Qn(t) (anM -11 = { hj j=Hbnm n )\ . 

Thus to apply machinery described in the beginning of this section we need estimate 

n=l m n 

where for simplicity we assume that a n = b^ 1 . 

Theorem 4.7. Let us consider the exponential staircase construction of rank one flow T* given by 
the sequence of functions 



(130) UJn (y) = m n ^e £ "y^, h n = ^. 
Suppose that for an a with < a < 1/4 

oo 1 

(131) h)+ a <q n , m n <h l J 2 - a , £ -— < oo, 



1/4- 
n=l mri 
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and q n has the following property: 



(132) 

where 
(133) 



VA; 6 Zn 



l-a 



77? 



1+a 



(q n + 1) — A: In A; 



= min{|^ 



x 



e z}. 



?7ien /j/ie /Zou> T* /ias Lebesgue spectral type. 



Proof. The theorem follows directly from lemmas 13, 101 and 14,51 as well as ergodicity of the flow. Let us 
check necessary conditions m n , q n and h n should satisfy. First, notice that it follows from inequality 
Qn > h n that h n > const • 2 c2 ™. Since h n = — , condition m n b n < e~ l follows from comparison of m n 
and h n , 

(134) 



m. 



< h l J 2 - 



m. 



and e 1 < h„ < 



1/(1+*) 



Thus, the series Y]„ = -i b n - A — converges and all other requirements of 

m n , e n and q n are satisfied, so we can apply the above flatness lemma I3.1UI concerning exponential 
staircase trigonometric sums with convergence lemmas 14.41 and 14.51 To complete the proof we have 
to mention that it follows from ergodicity of our rank one flow that the spectral measure has no atom 
at zero. □ 
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rank one flows. The author is very grateful to P. Grigoriev for cooperation and help in some questions 
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